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Abstract--Experiments and supporting three-dimensional computations have been performed to inves- 
tigate mixed convection heat transfer from a four-row, in-line array of 12, square heat sources which are 
flush mounted to the lower wall of a horizontal, rectangular channel. The experimental data encompass 
heat transfer regimes characterized by pure natural convection, mixed convection, laminar forced convec- 
tion, and the initiation of transition to turbulence. The variation of the row-average Nusselt number with 
Reynolds number exhibits a minimum, suggesting that, due to buoyancy-induced flow, heat transfer may 
be enhanced and pumping power requirements reduced by reducing the flow rate. Appropriate scaling 
parameters are introduced to characterize the strength of the buoyancy-induced secondary flow and to 

delineate conditions for which it is significant. 

INTRODUCTION 

A MAJOR driving force in the development of  digital 
computers has been the achievement of ever larger 
scales of  integration for monolithic circuits on a sili- 
con chip. The attendant increase in heat dissipation 
within the chips, as well as the tendency to closely 
space chips in planar arrays, has placed stringent 
requirements on thermal management and has stimu- 
lated consideration of  liquid cooling options. From 
the standpoint of heat transfer, the problem may be 
viewed as one involving convection from small, dis- 
crete sources mounted on a substrate that may be 
either a good or a poor thermal conductor. 

An early study of  forced convection heat transfer 
from a single, flush-mounted heat source was per- 
formed by Baker [1], who considered silicone oil and 
R-113 in parallel flow over rectangular sources with 
surface areas ranging from 1 to 200 mm 2. Convection 
coefficients increased significantly with decreasing 
area, and for the smallest sources data substantially 
exceeded predictions based on a two-dimensional 
boundary-layer model. The discrepancy was attri- 
buted to three-dimensional convection and substrate 
conduction effects, both of  which become more pro- 
nounced with decreasing heater size. More recently, 
Samant and Simon [2] performed experiments for a 
0.25 mm long by 2.0 mm wide heater mounted flush 
with one wall of a rectangular duct and, without boil- 
ing, achieved heat fluxes up to 200 W c r n -  2 for R- 113 
at large Reynolds numbers (ReD ~ 2 x 10s). 

The effects of  combined convection and conduction 
from in-line heaters, flush mounted to one wall of a 
parallel-plate channel, have been considered numeri- 

cally in Ramadhyani et al. [3] and Moffatt et aL [4] for 
laminar and turbulent flows, respectively. The two- 
dimensional, forced convection simulations presumed 
infinite heater length in the cross-stream direction and 
revealed conditions for which wall conduction was 
important and thermal boundary layer development 
on the upstream source had a significant influence on 
convection heat transfer from the downstream source. 
Predictions based on the two-dimensional, forced con- 
vection model with heat transfer data for a single 12.7 
mm square heat source and for a 4 x 3 array of heat 
sources were compared in ref. [5]. The experiments 
were performed for water and FC-77, with the hea- 
ter(s) embedded in the bottom wall of  a horizontal 
channel. Excellent agreement obtained for turbu- 
lent flow suggested that three-dimensional convection 
effects were negligible, while significant underpre- 
diction of  the data for laminar flow suggested that 
heat transfer was being enhanced by thermal insta- 
bilities and buoyancy-driven secondary flows. 

The effect of buoyancy on convection heat transfer 
in laminar, horizontal channel flows is well known for 
continuously heated surfaces. Bottom heating induces 
a thermal instability which is manifested by ascending 
plumes of  warm fluid and the development of  longi- 
tudinal vortices. The onset of  the thermal instability 
has been correlated [6], and the ensuing mixed con- 
vection flow has been predicted [7, 8]. In the mixed 
convection regime, Nusseit numbers are as much as six 
times larger than those corresponding to pure forced 
convection [9, 10], while friction factors are only 
slightly (~< 40%) larger [7]. 

The fact that mixed convection flows offer the 
potential for significant heat transfer enhancement 
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Ah heater surface area, L~ 
AR aspect ratio, W/H 
cp specific heat 
D duct hydraulic diameter 
d2, d 3 Rayleigh number exponents in 

natural convection correlations 
g gravitational acceleration 
Gr Grashof number, g~ATL~/v 2 
Gr* modified Grashof number, g[J~L~/kv 2 

average heat transfer coefficient for 
heater row j 

H duct height 
k fluid thermal conductivity 
Lh heater length 
m slope 
~9"fij average Nusselt number for heater row j 
/S(z) mean pressure in duct cross section 
p(x, y, z) 
Pe 
Pr 
;i 
Q 
Qo 
Ra 
Ra* 
Re 
Rel, 
S 

variation about mean pressure 
Peclet number, Re Pr 
Prandtl number, cp~/k 
average heat flux, Q/As 
total power dissipation 
corrected power dissipation 
Rayleigh number, Gr Pr 
modified Rayleigh number, Gr* Pr 
Reynolds number, WmLh/V 
Reynolds number, w.D/v 
spanwise and longitudinal spacing 
between neighboring edges of 
adjoining heaters 

NOMENCLATURE 

T 
T..j 

U, D, W 

Wm 
W 
X, y ,  Z 

temperature 
mixed mean fluid temperature just 
upstream of heater row j 
spanwise, vertical, and longitudinal 

fluid velocities 
mean longitudinal velocity 
duct width 
spanwise, vertical, and longitudinal 

duct coordinates. 

Greek symbols 
fl thermal expansion coefficient 
/t viscosity 
v kinematic viscosity 
p fluid density. 

Subscripts 
Cu copper 
F forced convection 
h heater 
i insulation 
j heater row index (j  ffi 1,2, 3, 4) 
N natural convection 
o inlet 
ref reference temperature for buoyancy force 

(arithmetic mean value at upstream 
cross section) 

s substrate. 

with only a modest penalty in pressure loss suggests 
that such flow conditions may be well suited to appli- 
cations involving discrete heating. However, studies 
of mixed convection from discrete sources are limited 
to the work of Kennedy and Zebib [1 I] and Tomimura 
and Fujii [12]. For small heater strips flush mounted 
to the walls of a horizontal channel, Kennedy and 
Zebib observed longitudinal vortices due to heating 
at the bottom surface. Tomimura and Fujii applied a 
laminar, two-dimensional 0 - z )  model to an array of 
strip heaters flush mounted to the bottom wall of a 
parallel plate channel. For vertical and near-vertical 
orientations, the streamwise component of the buoy- 
ancy force was predicted to significantly enhance Nus- 
selt numbers. However, for horizontal and near-bori- 
zontal configurations, the two-dimensional model was 
unable to predict the significant enhancement associ- 
ated with the three-dimensional buoyancy-driven 
flow. 

The foregoing review suggests a need for detailed 
studies of mixed convection heat transfer from dis- 
crete heaters in a horizontal channel. The objective of 
this work has been to perform such a study for laminar 
flow over an in-line array of heaters flush mounted to 

the bottom wall of the channel. Flow conditions and 
heat transfer have been predicted from a three-dimen- 
sional simulation, and the heat transfer results have 
been compared with experimental data obtained for 
water. 

EXPERIMENTAL METHODS 

The in-line heat source array of this study consisted 
of four rows of 12.7 mm x 12.7 mm heaters, with three 
heaters per row. The heater size is typical of today's 
VLSI chips, and an in-line 4 x 3 arrangement of heat- 
ers is representative of existing two-dimensional multi- 
chip arrays. Each heat source (Fig. 1) consisted of a 
6.6 mm thick copper block soldered on one surface to 
a thick film resistor (Mini-Systems). Temperatures at 
the opposite surface were measured by copper-con- 
stantan thermocouples (0.127 mm wire diameter) 
which were inserted through the thickness of the cop- 
per block and soft-soldered to the spanwise center of 
the surface. One thermocouple was installed at the 
center of each copper block surface. Two additional 
thermocouples were installed in each of the four cop- 
per blocks along the center heater column of the array 
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FiG. I. Schematic of experimental heat source assembly. 

at a distance of  LU8 from the leading and trailing 
edges (Fig. l). The heaters were flush mounted in 
a Lexan module (ks = 0.2 W m - i  K - ' )  having 12 
broached holes, with in-line longitudinal and spanwise 
separations of S = 3.18 ram. A fine silica powder 
(Sylox 2) of low thermal conductivity (ki = 0.02 W 
m -  J K -  ~) was used to insulate the sources from the 
surroundings. The module was, in turn, flush mounted 
to the bottom wall of  a flow channel (Fig. 2) of  50.5 
mm width and 11.8 mm height ( D =  19.1 mm, 
AR = 4.3). The module was located at a downstream 
distance of 611 mm from the flow straightener. Details 
of  the flow loop and data acquisition procedures are 
described in ref. [5]. 

All of the experiments were conducted under con- 
ditions of  equal heat dissipation (Q) in each of  the 
heaters. Data were reduced in terms of  an average 
Nusselt number for heater row j 

T = A.(:~h.y-- rm.j)k (1) 

for which the heat source length and surface area are 
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FiG. 3. Correction factor to account for three-dimensional 
conjugate heat transfer in the substrate. Inset: module 

geometry. 

Lh = 12.7 mm and Ah ---- 161 mm 2. The corrected heat 
dissipation rate Q¢, which represents the heat trans- 
ferred to the fluid directly through the heater face, 
accounts for substrate conduction losses. The power 
dissipation was corrected by utilizing a three-dimen- 
sional conduction analysis of  the heater module (Fig. 
3). By assuming a uniform heat transfer coefficient 
and a heater array which is infinite in the longitudinal 
and spanwise directions, the resultant symmetry 
allows the computational domain to be reduced to the 
region bordered by the dashed lines as shown in the 
inset of Fig. 3. The conduction analysis was used to 
estimate the ratio of convection heat transfer from the 
heater surface to the total power dissipation (Qc/Q) 
as a function of  the convection coefficient, and the 
results are represented in Fig. 3. This representation 
is particularly convenient for data reduction, since it 
allows an uncorrected heat transfer coefficient, ~,,c, 
which is based upon Q and is easily determined, to be 
corrected to that which is based on the actual heat 
transfer from the copper block to the fluid. 

Since temperature variations between the three 
thermocouples in each center column heater were less 
than 0.5°C and area-weighted average surface tem- 
peratures were within 0.15°C of  the center surface 
temperature, each heat source was essentially iso- 
thermal. The average convection coefficient for a given 
heater may therefore be based upon the single tem- 
perature measurement Th for the center of the copper 
block and the mixed mean fluid temperature Tmj 
immediately upstream of  the heater row. To indicate 
the row-by-row variation of  heat transfer, the row- 
average Nusselt number of  the three heaters in a row 
will be presented exclusively, where ~hj is the average 
temperature of  the three heaters in row j .  

All thermophysical properties were evaluated at the 
fluid mixed mean temperature just upstream of the 
heater row, except for the viscosity, gh, which was 
evaluated at the row-average heater temperature and 
was used in the viscosity ratio, #/#h, to account for 
non-constant property effects. 

Experiments were performed for Reynolds num- 
bers in the range 25 ~< Re <~ 2050, for heater powers 
of  1, 2.5, 5 and 7.5 W, and for an inlet temperature 
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of To ~ 15°C. Corresponding values of the modified 
Rayleigh number ( Ra* = g~#L~ Pr/kv') ranged from 
2.1 x i0 s to 4.2 x l0 T. All experiments were performed 
in a horizontal channel with deionized and degassed 
water. An experimental uncertainty analysis using the 
technique of Kline and McClintock [13] revealed ran- 
dom uncertainties in Re and ~ to be less than 2% 
and from 2 to 6%, respectively, where the highest 
uncertainty in the Nusseit number is associated with 
the minimum power dissipation of Q = i w and large 
flow rates. Bias errors in the conjugate correction 
scheme are estimated to range from 2 to 5%, where 
the largest uncertainty is associated with the largest 
conjugate correction. 

MATHEMATICAL MODEL AND NUMERICAL 
PROCEDURE 

The buoyancy-driven flow is assumed to interact 
with a low Reynolds number (laminar) main flow 
to yield steady, three-dimensional, mixed convection 
conditions. Allowing the density in the body force 
term to vary linearly with temperature, while neglect- 
ing longitudinal diffusion and assuming all other 
properties to be constant, the governing equations 
may be expressed as 

Ou Ov ~w 
0-~ + ~y + ~z = o (2) 

Ou c~u c~u 1 Op / 'O2u 02u'~ 

(3) 

~v Ov 0v I Op 
"Fx+V~y+w Effi roy 

{a~v 02v~ +~ [,~-~ + ~-Ty~] +a~cr -  r~) (4) 

~W +V~y OW 1 d~ {02w 02w'~ 

(5) 

~T OT OT k i'a2T ~'T'~ 
(6) 

A comparison of two-dimensional (y-z) elliptic and 
parabolic calculations indicates that longitudinal 
diffusion is negligible for the numerical computations 
of this study. In formulating the momentum 
equations, equations (3)-(5), the pressure has been 
represented as the sum of a cross-sectional mean pres- 
sure, IS(z), which drives the main flow, and a per- 
turbation about the mean, p(x,y, z), which drives the 
cross-stream flow. In decoupling the longitudinal and 
cross-stream pressure gradients, it is tacitly assumed 
that ~/Oz >> Op/~z. 

Equations (2)-(6) were solved subject to (i) uniform 
fluid temperature and a fully developed, forced con- 

vection velocity profile at the duct entrance; (ii) no- 
slip and impermeable conditions at all channel walls; 
(iii) adiabatic conditions at all surfaces, except for 
locations occupied by discrete heat sources; and (iv) 
heat sources which are each isothermal in the spanwise 
direction and provide a spanwise average heat flux 
which is independent of longitudinal position. This 
thermal boundary condition simulates experimental 
conditions by providing equal power dissipation from 
each of the 12 heaters, while maintaining reasonably 
isothermal conditions for each heat source. For a 
given longitudinal position, the spanwise uniform 
heater temperatures vary with heater column due to 
the different convective conditions. By employing a 
spanwise symmetric heating pattern, the vertical plane 
through the duct center becomes a plane of symmetry 
and the computational domain is reduced to half of 
the duct cross section. At the plane of symmetry, the 
spanwise velocity component is zero, as are spanwise 
gradients of the temperature and the vertical and 
longitudinal velocity components. 

Due to the multiplicity of length, velocity, and 
pressure scales, numerous options exist for non- 
dimensionalizing the foregoing equations and the 
corresponding boundary conditions. However, for a 
fixed geometry (S/L,, H/Lh) and array size (3 x 4), 
each non-dimensionalization technique leads to the 
Reynolds, Prandtl and either the Grashof or Rayleigh 
numbers as pertinent dimensionless parameters. 
Hence, equations (2)-(6) were solved in dimensional 
form, while final results are presented in terms of the 
pertinent dimensionless parameters. Although the 
calculations were performed for a channel and 
heaters of specific dimensions, the results, when non- 
dimensionalized, are applicable to any geometrically 
similar system. 

The solution scheme, which was specifically de- 
veloped for the CDC Cyber 205, is an adaptation 
of the three-dimensional parabolic calculation pro- 
cedure of Patankar and Spalding [14]. The governing 
partial differential equations are reduced to systems 
of simultaneous algebraic equations by a control- 
volume-based, finite-difference procedure [15] and 
linearized by evaluating the finite-difference coeffi- 
dents from known upstream values. The sequence 
in which each of the governing equations is solved 
during a forward step in the marching integra- 
tion is described in ref. [8]. The systems of algebraic 
finite-difference equations were solved using a vec- 
torized Jacobi iterative technique. Since the coefficient 
structure of the pressure equations is not strongly 
diagonal-dominant, convergence rates were improved 
by using a checkerboard Jacobi scheme [16] and an 
additive correction technique along nodal rows and 
columns [17]. 

For each value of Ra*, a parametric study of the 
influence of Reynolds number was conducted. For 
each of these parametric variations, the influence of 
grid fineness was tested at the lowest Reynolds 
number, which corresponds to the strongest sec- 
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FIG. 4. Experimental results for the effect of Reynolds mum- 
ber on the row-average Nusselt number for Q = 7.5 w. 

ondary flow and hence would require the finest grid. 
The grid study indicated that for Ra*<~ 3.0x 107, 
average Nusselt numbers for the 12 heaters were 
within 3% for 40x 123 and 60x 165 cross-stream 
grids. The numbers refer, respectively, to the number 
of grid lines in the y- and x-directions. Thus, the 
40 x 123 grid was used for the remainder of  the cal- 
culations. However, for Ra* = 8.5 x 107 the finer grid 
was required for Re <~ 800. Each simulation for the 
40 x 123 and the 60 x 165 grids typically required 1000 
and 3600 CPU s, respectively, on the Cyber 205. 

A non-uniform grid was employed in all three coor- 
dinate directions. In the x-direction, grid planes were 
clustered near points of  discontinuity in the thermal 
boundary condition, while in the y-direction, grid 
planes were deployed symmetrically about the hori- 
zontal midplane of  the channel with minimum grid 
spacing near the walls. Three hundred longitudinal 
steps were employed to march through the domain. 
Sixty steps were used to cover each heater, and 15 
steps were used for each non-heated zone beyond the 
heater. Finer axial step sizes were employed near the 
leading edge of both of these regions. 

Computations were performed for a geometry simi- 
lar to that employed experimentally, except that 
the flow channel was assumed to be 50.8 mm wide 
and 12.7 mm high (D = 20.3 ram, AR = 4). Numer- 
ical parameter ranges include 125 ~< Re <~ 2500, 
4.7 ~< Pr <~ 8.3 and 1.1 x 107 ~< Ra* <~ 8.5 x 107. 

R E S U  L T S  

Experimental data obtained for a power dissipation 
of 7.5 W per heater are plotted in Fig. 4. The results 
for large values of Re are characteristic of  pure forced 
convection. The functional dependence of the forced 
convection Nusselt number may be derived from the 
integral form of  the boundary-layer energy equation. 
For  flow between parallel plates, with a fully 

developed laminar velocity profile and a cubic tem- 
perature profile, it may be shown that 

NuF = C, Pe ~/3. (7) 

Experimental forced convection results for all four 
rows fall along this theoretical slope. Data for the 
largest Reynolds numbers lie just above this limit, 
indicating initiation of transition to turbulence. The 
reduction of  heat transfer with row number in the 
forced convection regime results from thermal boun- 
dary-layer development due to upstream heating. 

As the Reynolds number is decreased, heat transfer 
enhancement above the forced convection limit ini- 
tially occurs for the fourth heater row. This behav- 
ior results from the onset of thermal instabilities and 
the development of secondary flow due to heating 
at the three upstream rows. However, the Nusselt 
number continues to decay with decreasing Reynolds 
number until a minimum is reached, where the 
reduction in N ~  due to forced convection effects is 
balanced by an increase due to the buoyancy-driven 
secondary flow. With a further reduction of Reynolds 
number, the strength of the buoyancy-induced sec- 
ondary flow increases and the corresponding enhance- 
ment more than offsets the decrease due to a reduction 
in the forced flow. Having achieved conditions domi- 
nated by mixed convection, a further decrease in 
Reynolds number results in decay of the forced con- 
vection component, transition to pure natural con- 
vection and a decreasing Nusselt number. The sub- 
sequent increase in N-u4 with decreasing Reynolds 
number for Re <~ 75 is attributed to substantial in- 
creases in the bulk temperature and variations of 
fluid properties. Although the data appear to be 
strongly Reynolds number dependent, the results will 
be shown to correspond to pure natural convection 
and the increase in Nusselt number to be due to sub- 
stantial increases in the Rayleigh number. The wide 
Rayleigh number variation due to changes in fluid 
temperature is indicated in Fig. 4 for each heater row. 

The transitions from pure forced convection to 
mixed convection to pure natural convection occur 
in a similar manner for the upstream rows. Since 
transition from forced to mixed convection results 
from the onset of thermal instabilities and from the 
cumulative development of secondary flows due to 
heating at all upstream rows, this transition occurs for 
each successive upstream row at a smaller Reynolds 
number. Due to the absence of heat transfer upstream 
of the first row, transition from forced to mixed con- 
vection for the first row results solely from the onset 
of thermal instabilities which occur at the first row. 
Thus, for the given Rayleigh number, simaificant en- 
hancement above the minimum heat transfer rate 
does not occur with decreasing Reynolds number for 
the first row. However, with decreasing Reynolds 
number, substantial enhancement above the forced 
convection limits occurs for every row, including the 
first. The fact that the variation of the row average 
Nusselt number with Reynolds number exhibits a 
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FIG. 5. Numerical prediction of the effect of Reynolds num- 
ber on the row-average Nusselt number for Ra* -- 2.5 × l0 7 

and Pr = 7 .  

minimum for each row, suggests that heat transfer 
may be enhanced due to buoyancy-induced flow by 
reducing the flow rate and hence the pumping power 
requirements. The data associated with the smallest 
value of  Re correspond to a flow rate of  only 
5.21h -t .  

Numerical results for Ra* ffi 2.5 x 107 and Pr ffi 7 

are shown in Fig. 5, along with the experimental, 
laminar forced convection limits of  Fig. 4. The vis- 
cosity ratio, (P/Ph) ,/4 is equal to unity for the constant 
property numerical predictions. The numerical pre- 
dictions exhibit the appropriate forced convection, 
Reynolds number dependence and, compared to the 
experimental results, overpredict forced convection 
heat transfer for rows 1-4 by 4, 2, 1 and 0.5%, respec- 
tively. These percent differences are within the uncer- 
tainty in the experimental data. 

As the Reynolds number is decreased, numerical 
results predict, in accord with the experimental data, 
heat transfer enhancement due to development of  a 
buoyancy induced secondary flow, which initially 
occurs for the final heater row and progresses towards 
the first row. As seen in Figs. 4 and 5, enhancement 
at the fourth row occurs with a decreasing Reynolds 
number and provides for an increasing heat transfer 
rate which, before a maximum is achieved, exceeds 
that of  the three upstream rows. Similarly, enhance- 
ment at the third and second rows occurs for suc- 
cessively smaller Reynolds numbers than that for the 
fourth row and yields heat transfer which exceeds that 
for all upstream rows. Figures 4 and 5 also indicate 
that for a decreasing Reynolds number, similar heat 
transfer rates are achieved for rows 2-4. Experimental 
and numerical results indicate heat transfer enhance- 
ment for row 1 such that, as the Reynolds number 
decreases, the Nusselt number asymptotes to a rela- 
tively constant value. Qualitative comparisons of  Figs. 
4 and 5, which include the relative positioning of  the 
data for each row, cross-over points and slopes, and 

the magnitudes of  enhancements, are good. Dis- 
crepancies between the experimental and numerical 
mixed convection results of Figs. 4 and 5 are attri- 
buted to the wide experimental variation of  fluid prop- 
erties, which corresponds to a row-by-row Rayleigh 
number variation which cannot be treated by the 
constant property, fixed Rayleigh number solution. 
Although variable properties could be incorporated 
into the numerical algorithm, this option was rejected 
due to the resultant increase in computation time, 
which would be in addition to the presently CPU- 
intensive constant property calculations. Numerical 
computations were not performed for Reynolds num- 
bers as small as those achieved experimentally due to 
the corresponding grid refinement requirements and 
breakdown of the assumption of negligible longi- 
tudinal diffusion at very low Reynolds numbers. 

For fully developed, forced convection flows the 
cross-stream velocities are zero and the row-average 
Nusselt number monotonically decreases with heater 
row. However, buoyancy forces induce cross-stream 
velocities that are extremely effective in advecting cold 
and warm fluid, respectively, to and from the surface 
and, as revealed by Figs. 4 and 5, in enhancing heat 
transfer. Cross-stream velocities and isotherms cor- 
responding to the Re = 312.5 data point of  Fig. 5 
are given in Fig. 6. Cross-stream velocity vectors are 
shown at every alternate node, and the temperature 
difference between isotherms is 5°C. At the trailing 
edge of  the first heater row (Fig. 6(a), z/Lh = 1) cooler, 
more dense fluid descends along the vertical wall 
(x/L~ = 0) and in the region between heaters 
(1.25 ~< x/Lh ~ !.5), yielding locally enhanced heat 
transfer. This motion is accompanied by the ascension 
of  adjacent warmer fluid, which is cooled and ulti- 
mately feeds the descending fluid. Although the 
unstable condition of  warmer, less dense fluid beneath 
cooler, more dense fluid occurs across the entire 
bottom plate, a pronounced spanwise temperature 
gradient exists only at the heater edges. This gradient 
provides a region where the buoyancy force varies 
with x, as well as with y, thereby providing a source 
of  vorticity. Thus, secondary flows initially develop 
at spanwise locations where discontinuities in the 
thermal boundary condition exist. 

At the trailing edge of  the non-heated region 
beyond the first heater row (Fig. 6(b), z/Lh = 1.25), 
the bottom plate temperature has substantially 
decreased. However, as shown by the velocity scale, 
which corresponds to the maximum cross-stream vel- 
ocity at the given longitudinal position, the cross- 
stream velocities have increased with longitudinal pos- 
ition, even though the heating has been interrupted. 

At the trailing edge of  the second heater row (Fig. 
6(c), z/Lh = 2.25), the three zones of ascending fluid 
have bifurcated and are feeding the two original 
downflows, as in Figs. 6(a) and (b), as well as three 
new zones of  downward moving fluid (x/Lh .~. 0.5, 1.0, 
1.75). These new downflows act to locally compress 
isotherms near the heated surface and to enhance heat 
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transfer. At the trailing edge of  the third row (Fig. 
6(d), z/Lh = 3.5), the three zones of ascending fluid 
have created two additional regions of down_flow at 
x / L ,  ~ 0.75 and 2.0, which also act to locally com- 
press the isotherm lines and to enhance heat transfer. 
Conditions seen by the fourth heater row are similar 
to those of the third row (Fig. 6(d)). 

Experimental data indicating the influence of  vary- 
ing the power dissipation per heater from 1 to 7.5 W 
are shown for rows 1-4 in Figs. 7(a)-(d), respectively. 
The experimental f o r c~  convection limits of  rows 2-  
4 are also shown in Fig. 7(a) to facilitate comparisons 
between figures. Data agree with the theoretical slope 
for laminar forced convection, while data for the 
largest values of  Re  suggest the initiation of  tran- 
sition to turbulence. Due to temperature dependent 

fluid properties, the legend of  Fig. 7 indicates that 
with increasing power dissipation, the Rayleigh 
number range associated with a prescribed power 
increases. Increasing the power dissipation enhances 
heat transfer and extends the Reynolds number range 
associated with mixed convection. 

Numerical results indicating the influence of vary- 
ing the Rayleigh number are shown for rows 1-4 
in Figs. 8(a)-(d), respectively. The numerical forced 
convection limits of rows 2-4 are also shown in Fig. 
8(a) to facilitate comparisons between figures. In 
accord with the experimental data, increasing the Ray- 
Ivigh number enhances heat transfer and extends the 
Reynolds number range associated with mixed con- 
vection. Direct comparison of experimental and 
numerical results is complicated by the large Rayleigh 
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FIG. 7. Experimental results for the effect of Reynolds number and power dissipation on the row-average 
Nusselt number for (a) all rows, (b) row 2, (c) row 3, and (d) row 4. 

number variation associated with the experimental 
data for a given power dissipation. 

The similarity in the x vs Re distributions for 
varying values of Q, as shown in Fig. 7, suggests that 
data for different power dissipations may be collapsed 
by an appropriate choice of scaling parameters. The 
functional dependence of the mixed convection Nus- 
selt number may be modelled as a superposition of 
Nusselt numbers for pure forced convection, GF, and 
pure natural convection, i?& [18], as 

(Nu)” = (X7&). f (NUJ. (8) 

The forced convection correlation is given by equation 
(7), while the appropriate natural convection cor- 
relation for a horizontal flat plate with a heated upper 
surface is 

NUN = C2 Rda = C, Raed3 (9) 

where l/4 Q d2 G l/3 and l/5 G d, Q 114. Many 
investigators present two correlating equations based 
on each of the limiting values of the exponents, with 
one correlation applied for Rayleigh numbers exceed- 
ing a specified value and the other correlation applied 
for Rayleigh numbers below the specified value [19]. 
However, Fishenden and Saunders [20] suggest that 
the exponent gradually increases as the Rayleigh num- 
ber increases, while Chu and Goldstein (211 identify 
eight discrete heat flux transitions within a given Ray- 
leigh number range. For the data of this study, the 
best correlation was achieved with an intermediate 
value of d, = 2/9. Substitution of equations (7) and 
(9) into equation (8) and rearrangement yields 
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Thus, the ratio ~ / P e  '/~ is solely a function of  
Ra*2/9/Pe'/3 or, alternatively, by raising this mixed 
convection parameter to the - 9 / 2  power, ]q~/Pe ~/3 is 
solely a function of  Pe312/Ra *. 

The experimental data of  Fig. 7 are replotted in Fig. 
9 using the derived scaling parameters. Data for power 
dissipations of  1-7.5 W collapse reasonably well when 
plotted in this manner. For small values of  Pe3/2/Ra *, 
the results are asymptotic to a slope of  m = -2 /9 ,  
which is consistent with the natural convection cor- 
relation (equation (9)) and for which the Nusselt num- 
ber is independent of  Peclet number. For large values 
of  Pe3/2/Ra *, the results collapse to horizontal lines 
which correspond to pure forced convection.The ordi- 
pate values of  the horizontal asymptotes correspond 
to the constant C, of  equation (7) if a viscosity ratio 
is included, and for rows 1-4, C, ~ 1.56, 1.14, 0.99 
and 0.91, respectively. The reduction of  C~ with row 

number results from the thermal boundary layer 
which develops due to upstream heating. The dimin- 
ishing change of C, with row number indicates that 
fully developed, forced convection conditions are 
being approached, but have not been reached by the 
fourth row. The shght deviation of the Q = 1 W data 
from data corresponding to Q ~> 2.5 W is attributed 
to the large uncertainties in measuring (Th--7"=) for 
small Q. Transition to turbulence occurs for large 
values of Pe3/2/Ra *. As seen in Fig. 7, transition to 
turbulence is primarily dependent upon the Reynolds 
number and a Rayleigh number dependence is not 
evident. Thus, transition for increasing values of 
Q(Ra*) occurs for decreasing values of Pe~'2/Ra *. 

Regimes of significant mixed convection enhance- 
ment can be delineated. The onset of enhancement 
due to mixed convection, which is assumed to occur 
when the parameter 7~-us/Pel/3(#/ph)°'2s exceeds the 
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forced convection limit of  row j by 10%, corresponds 
to parameter values of  Pe3/2/Ra * = 0.0022, 0.0065, 
0.012 and 0.019 for rows 1-4, respectively. Figure 9 
reveals increasing heat transfer enhancement above 
the forced convection limit with decreasing Pe3/2/Ra *. 
For the smallest mixed convection parameter values of  
this study, enhancement above the forced convection 
limit exceeds 300%. 

The numerical results of  Fig. 8 are replotted in Fig. 
10 using the derived scaling parameters. Heretofore, 
numerical and experimental results have not been 
directly compared because the numerical results cor- 
respond to a fixed Rayleigh number, while due to 
non-constant property effects, the experimental data 
correspond to a wide, row-by-row Rayleigh number 
variation. However, by incorporating the Rayleigh 
number into the scaling parameters, direct com- 
parison between numerical and experimental results 

is possible. Therefore, best-fit lines to the experimental 
data of  Fig. 9 are also shown in Fig. I0, thus sum- 
marizing all of  the numerical and experimental results 
in one figure. As before, the viscosity ratio is equal to 
unity for the constant property numerical predictions. 
The numerical results predict both the forced and 
natural convection limits and show excellent agree- 
ment with the experimental data. 

Although the parametric influences of  Re and Ra* 
have been considered herein, the influence of  Pr, S/I-~, 
H/I.~ and the number of  heater rows and columns has 
not been considered. Fluids currently under con- 
sideration for immersion cooling of  electronic com- 
ponents have higher Prandtl numbers and higher 
coefficients of  thermal expansion resulting in sub- 
stantially higher Rayleigh numbers. The geometric 
parameters, S / I ,  and H/Lh, are also expected to be 
important. The influence of  S/Lh on two-dimensional 
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(y-z) conjugate heat transfer from discrete heat 
sources flush mounted to the wall of a channel with 
laminar forced convection flow has been numerically 
demonstrated [3]. Since the column-by-column vari- 
ation of flow and heat transfer characteristics was 
found to be small, the influence of  the number of  
heater columns can be neglected. Since upstream 
propagation of  influences is minimal for the con- 
ditions of this study, the results presented herein are 
directly applicable to arrays of four rows or less, and 
the results would also apply to the first four rows of  
a larger array. 

C O N C L U S I O N S  

A combined experimental and numerical study of  
mixed convection flow of  water in a horizontal rec- 
tangular duct with a 3 x 4 array of  discrete heat 

sources flush mounted to the lower wall has been 
performed. The variation of  the row-average Nusselt 
number with Reynolds number exhibits a minimum, 
suggesting that, due to buoyancy-induced flow, heat 
transfer may be enhanced and pumping power 
requirements reduced by reducing the flow rate. 
Increasing the Rayleigh number enhances heat trans- 
fer above the forced convection limit and increases 
the Reynolds number range for which enhancement 
Occurs. 

Experimental and numerical results for a wide 
range of conditions collapse to a single curve for each 
heater row when 7q~j/Pet/3(/~/#h)o.25 is plotted against 
the mixed convection parameter pe3/2/Ra *. The 
experimental data encompasses heat transfer regimes 
characterized by pure natural convection, mixed 
convection, laminar forced convection and the initi- 
ation of  transition to turbulence. Mixed convection 
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effects are significant for heater rows 1-4 for 
pe3/2/Ra * <~ 0.0022, 0.0065, 0.012 and 0.019, respec- 
tively, and for the conditions o f  this study provide up 
to 300% enhancement above the forced convection 
limit. 
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COMPARAISON ENTRE CALCULS ET MESURES DE LA CONVECTION THERMIQUE 
MIXTE POUR UN ARRANGEMENT DE SOURCES DISCRETES DANS UN 

CANAL RECTANGULAIRE HORIZONTAL 

R~sum~--Des experiences et des calcuis numtriques tridimensionnels sont ments sur la convection ther- 
mique mixte pour quatre r a n g ~  en ligne de 12 sources thermiques carrb:s qui sont montt'es sur la paroi ' 
inftrieure d'un canal rectangulaire horizontal. Les dorm,s  exp~rimentales couvrent les r~gimes thermiques 
caracttris~s par la convection natureile pure, la convection mixte, la convection fore£'e laminaire et le d~but 
de la transition ~ la turbulence. La variation du nombre de Nusselt moyen par ran#.e en fonction du 
nombre de Reynolds montre un minimum, ce qui sugg~re qu'~ cause de r~coulement induit par le flottement, 
le transfert thermique peut ~tre augment~ et la perte de charge ~tre r&luite par la diminution du d~bit de 
ftuide. On introduit des param~tres approprits de reduction pour caract~riser rimportance de I'~oulement 

secondaire de flottement et pour dtfinir les conditions dans lesqueiles il intervient activement. 
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VERGLEICH ZWISCHEN BERECHNETEM UND GEMESSENEM W,~RMEOBERGANG 
BEI GEMISCHTER FREIER UND ERZWUNGENER KONVEKTION IN EINEM FELD VON 

EINZELNEN W.~RMEQUELLEN IN EINEM HORIZONTALEN, RECHTECKIGEN 
KANAL 

Zmammenfassung--Es wurden Expefimente und dreidimensionale numerische Berechnungen zur Unter- 
suchung des W~rmefibergangs bei gemischter Konvektion durchgel~hrt. Ein 4-zeiliges Feld aus 12 quadra- 
tischen, fluchtend angeordneten W~.rmequellen wird betrachtet, welche bfndig mit der unteren Wand 
eines horizontalen rechteckigen Kanals abschlieBen. Die experimentellen Daten umfassen Bereiche des 
W~rmefbergangs, die charakteristisch sind ffir reine natfirliche, gemischte, erzwungene laminate Kon- 
vektion und ffir den Beginn des Obergangs zur turbulenten Konvektion. Die ~,nderung der fiber die Zeile 
gemittelten Nusselt-Zahl mit der Reynolds-Zahl weist ein Minimum auf; dies legt nahe, dab sich der 
W~rmefibergang, bedingt dutch die Auftriebsstr6mung, gfinstiger darstellt und die Pumpenleistung dutch 
Verringerung des Durchflusses verringert werden kann. Entsprechende Skalierungsparameter werden ein- 
geffihrt, um die St~rke der dutch Auftriebskr~fte induzierten Sekund.~rstr6mung zu beschreiben und die 

Voraussetzungen abzugrenzen, ffir welche sie bedeutsam ist. 

COFIOCTAILIIEHHE PACCqHTAHHOFO H H3MEPEHHOFO 
CMEIIIAHHOKOHBEKTHBHOFO TEILIIOrlEPEHOCA OT P~I~.A ,~4CKPETHblX 

HCTOqHHKOB B FOPId3OHTAJIhHOM KAHA.]'IE IIP~IMOYFOJIbHOFO CEqEHH~I 

Amsoxsm~---Hposenem~ ~caepaMewru a wpexMepm~e qHcaemu~e pacqerM ¢ Uen~m Rccne~xonam~ 
CMemalmOKOHl~rlIBHoro weRnonepeHoca OT 12 E ~ t ~ p a ~  HCI"O~u~aZO8 TenJla, pacno~loxeHlJl~x 
nNHeiiHo n qer~q>e pJu~a R ycraaonJ~em~x ~mo~nmxo c Ha~mefl c re~of l  ropw~owra~Roro np~Moyro- 
J~HOrO zaaa~L ~zcnepaMewra~m~c ~W~u~Me nom/qexu ~ pexaMon Ten~onepenoca npa ~CTO 
ecrecrne~oR, cMema~oit, nu~/xaemsoli  ~aM~mapHoll ~oanez~aH, a Tazxe ~ pexaMa sa~.~.~a nepe- 
xo~a ~ Typ6ynewrnocra. 3asacaMocr~ c p e ~ e r o  no plt~[aM 3Haqemet ~c.na Hycce~Ta OT qacna PeP~o- 
n~xca ameer ~c~ma~yM, Ha ocllonamm ~ero MOZHO npe~tnonoxml~, wro 6~aro~apl mijlyHllponamloMy 
flOJ]t'l~MllOl~ ClLIIO~ ~'111110 BO3MO~I~I[O I~UI~HClI(I}HI]0[~Ba, Tb TelL~OOT,/Iltq~ H CHII311Tb MOUIHOCTb rlpo = 

r~tqr~ 3a cqeT ~n~em.tue~ c~opocTn l~qem~. ~na  xaparrepncTar~ imTeHCHnHOC'FH nTOpi~qlloro 
Te~em~s, o6yc~o~em~oro nOm~MHOii C~aOit, ~ onpeae~em~ ycnom~L np~ roTop~x ono cymecTacm~o, 

anonrrc i  coo~nc~-rny~ott~e Macurra6ttue napaMe'rpta. 


